"Although we strongly believe that the explications proposed in this paper for the notion of predicative provability in analysis are correct, we are not convinced that the matter has been settled conclusively by the results obtained so far. It is premature to say just what would constitute final evidence concerning this question. We expect that this will be revealed, at least in part, by further study of the theories considered here." (page 29) Subsequent papers do not indicate that Feferman has changed his mind about predicative provability.
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∆ 1 1 comprehension rule:
Here α and β are arithmetical formulas.
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hierarchy rule:
hierarchy axiom:
Z is a well ordering.
H(Z, X, Y ):
Y is a Turing jump hierararchy along Z starting at X.
Rules versus axioms.
transfinite induction rule:
T I(< e , γ), γ arbitrary transfinite induction axiom:
for arbitrary γ T I(Z, γ): transfinite induction along Z with respect to the formula γ.
IR consists of the ∆ 1 1 comprehension rule + the hierarchy rule + the transfinite induction rule.
ATR 0 consists of the hierarchy axiom. It includes the ∆ 1 1 comprehension axiom. It is a system with restricted induction and so does not include the transfinite induction rule.
IR and ATR 0 prove the same Π 1 1 sentences.
IR and ATR 0 have the same proof-theoretic strength.
THEMES OF THIS TALK:
1. IR explicates predicative provability, while ATR 0 explicates predicative reducibility.
2. ATR 0 is much stronger than IR, modeltheoretically and, above all, mathematically.
The minimum ω-model of IR is HYP(Γ 0 ).
The minimum ω-model of the ∆ 1 1 comprehension axiom is HYP, i.e., L ω CK
HYP is the intersection of all ω-models of ATR 0 .
ATR 0 has no minimal ω-model. ATR 0 holds in any β-model.
HYP is the intersection of all β-models.
There is no minimal β-model.
A set-theoretic version of ATR 0 .
+ axiom of infinity + ∀x (x is hereditarily countable) + axiom beta:
Theorem (Simpson) . ATR set 0 is conservative over ATR 0 . Actually, it is a definitional extension of ATR 0 , where well founded trees encode hereditarily countable sets in the usual way. Π 1 ∞ -TI 0 is proof-theoretically stronger than IR and ATR 0 .
Π 1 ∞ -TI 0 has no minimal ω-model.
Reverse mathematics of ATR 0 :
The following are equivalent over RCA 0 .
1. ATR 0 .
2. Every disjoint pair of analytic sets can be separated by a Borel set.
3. The domain of a single-valued Borel set in the plane is Borel.
4. Every uncountable closed (or analytic) set has a perfect subset. North-Holland, Amsterdam, 1985, pp. 87-117. 1. Let X be a finite set of positive integers. A coloring of X is P (X) = C 1 ∪ C 2 where C 1 and
2. X is 0-dense if |X| ≥ 2 and |X| ≥ min X.
3. X is n + 1-dense if for every coloring of X there exists an n-dense homogeneous set.
∀ n ∃ n-dense set ≡ uniform Π 0 2 reflection for IR ≡ uniform Π 0 2 reflection for ATR 0 3. A recent result of Friedman:
Definitions. A tree T is a finite poset with a minimum element such that the predecessors of each element are linearly ordered. The height of x ∈ T is the number of predecessors of x in T . The height of T is the maximum height of an element of T . We say that T is of degree ≤ k if each element of T has at most k immediate successors.
T (≤ i) = {x ∈ T : height(x) ≤ i}.
T (i) = {x ∈ T : height(x) = i}.
T (> i) = {x ∈ T : height(x) > i}.
Note that T (≤ i) is a subtree of T .
Consider the following statement.
For each k there exists n so large that the following holds. If T is a tree of height n and degree ≤ k, then there exists 1 ≤ i ≤ n and an inf-preserving embedding of T (≤ i) into T which carries T (i) into T (> i).
Friedman 1998 showed that this statement is equivalent to uniform Π 0 2 reflection for Π 1 2 -TI 0 .
